Over all plane trees with n edges, the total number of vertices with odd degree is twice the number of those with odd outdegree. Deutsch and Shapiro posed the problem of ÿnding a direct two-to-one correspondence for this property. In this article, we give three di erent proofs via generating functions, an inductive proof and a two-to-one correspondence. Besides, we introduce two new sequences which enumerate plane trees according to the parity of the number of leaves. The explicit formulae for these sequences are given. As an application, the relation provides a simple proof for a problem concerning colored nets in Stanley's Catalan Addendum.
Introduction
Among the combinatorial structures counted by the Catalan number, c n = (1=(n + 1))( 2n n ), the set of (rooted) plane trees with n edges (n-plane tree, for short), denoted T n , is one of the most well-known and well-studied structures. See [10, 11] and references therein for a survey of families of objects enumerated by the Catalan numbers. Existing results have focused on ÿnding bijections between such structures, as well as on various statistics on plane trees. In this article, we focus on two parameters of n-plane trees, namely, the degree of vertices and the number of leaves.
Deutsch and Shapiro [3, p. 259] , posed the problem of ÿnding a direct two-to-one correspondence for proving combinatorially the following known property: Theorem 1. Over all plane trees with n edges, the total number of vertices with odd degree is twice the total number of vertices with odd outdegree. 4 This property follows readily from two papers of Meir and Moon [7, p. 321 ] [8, p. 413] , in which the generating functions for the number of odd degree and for the number of vertices of outdegree k were pointed out, respectively. A direct algebraic proof was almost spelled out in [3, pp. 258-259] . In Section 2, the authors o er three di erent proofs of this theorem using (i) generating functions, (ii) induction, and (iii) a two-to-one correspondence. We mention that the ÿrst proof was kindly provided by one of the referees.
Inspired by an idea of the inductive proof, the authors introduce two new statistics, o n and e n , which are the cardinalities of two disjoint subsets of T n according to the parity of the number of leaves. In Section 3, the authors show the explicit formulae of these two statistics. Surprisingly, the relation e 2n+1 − o 2n+1 = (−1) n+1 c n coincides with the one in an interesting problem posed in Stanley's Catalan Addendum [11] stated as follows (including the theorem):
Join 4m + 2 points on the circumference of a circle with 2m + 1 non-intersecting chords. Call such a set of chords a net. The circle together with the chords forms a map with 2m + 2 (interior) regions. Color the regions red and blue so that adjacent regions receive di erent colors. Call the net even if an even number of regions are colored red and an even number blue, and odd otherwise. 
This result was ÿrst proved by Eremenko and Gabrielov using techniques from algebraic geometry [5] . A solution using recurrence relations was also provided in [11] . Here, in Section 3, through a bijection between nets and plane trees, the relation e 2n+1 − o 2n+1 = (−1) n+1 c n actually o ers a simple combinatorial proof of Theorem 2. Further lines of research following this article might focus on the parity, or modularity, of certain parameters over di erent kinds of structures, to name a few.
Odd degree and odd outdegree
We ÿrst introduce some notations. The root of a plane tree with odd (even) degree is called an odd (even) root. Given a family of plane trees A ⊆ T n , let D o (A) (D e (A)) be the total number of vertices of odd (even) degree in A. Similarly, the values OD o (A) and OD e (A) are deÿned according to the parity of the outdegree of vertices in A. Theorem 1 can be restated simply as D o (T n ) = 2OD o (T n ) for any nonnegative integer n. Given a plane tree T , we always write r as the root of T . For any vertex v of T , let v and v be the parent and the leftmost child of v, if they exist. Also let T v denote the plane subtree of T induced by v and its descendants. If T is a nonempty plane tree with root r, then we denote by T − T r the tree obtained by removing T r and the edge rr from T .
Proof of Theorem 1 by generating functions. Let C(z) := n¿0 c n z n denote the generating function of the Catalan number, c n = |T n |. It is well known that C(z) = (1 − √ 1 − 4z)=2z and that C = C(z) satisÿes C = 1 + zC 2 , or equivalently 1=C = 1 − zC. For a ÿxed nonnegative integer k, let a k (m; n) be the number of n-plane trees with exactly m vertices of outdegree k, and G k (t; z) its generating function, i.e., G k (t; z) := m; n¿0 a k (m; n)t m z n . By considering the outdegree of the root and T v for all children v of the root, one can easily derive that G k = G k (t; z) satisÿes
Di erentiating G k with respect to t, setting t = 1, and making use of the facts that G k (1; z) = C(z) and 1=C = 1 − zC, we obtain the generating function for the number of vertices of outdegree k over all plane trees in T n :
From here, we obtain that
is the generating function of OD e (T n ).
It is easy to see that A simple computation, together with C = 1 + zC 2 , then yields
The left-hand side of this equation is exactly the generating function of D o (T n ). This completes the proof.
Remark. Setting k = 0 in (2), we obtain the generating function 1=(1 − zC 2 ) for the total number of leaves in T n . Proof of Theorem 1 by a two-to-one correspondence. Let (T; v) be an ordered pair, where T is an n-plane tree and v a vertex of T . We shall establish a two-to-one correspondence g between vertices with odd degree and vertices with odd outdegree, i.e., g : {(T; v) : T ∈ T n and v ∈ T is of odd degree} → {(T; v) : T ∈ T n and v ∈ T is of odd outdegree}:
Suppose that v ∈ T is of odd degree. If v = r, then we simply let g(T; v) := (T; v). Otherwise, we let u be the parent of v. If v = u, then we let g(T; v) := (T ; v), where T is the plane tree obtained by interchanging two subtrees T v and T u − T v in T . Clearly, v is of odd outdegree in T . If v = u, then we let g(T; v) := (T ; v), where T is the plane tree obtained by deleting the edge uu, followed by attaching T u so that u becomes the leftmost child of v. See Fig. 1 for graphical descriptions of the two operations T → T and T → T .
The inverse mapping g −1 is easy to ÿgure out. Let v ∈ T be of odd outdegree, so that v exists. If v = r, then g −1 (T; v) := {(T * ; v); (T * * ; v)} where T * is obtained by interchanging T v and T v − T v in T (i.e., the inverse of (T; v) → (T ; v)), and T * * is obtained by deleting vv and moving T v so that v becomes the leftmost child of v (i.e., the inverse of (T; v) → (T ; v)). If v = r, then g −1 (T; v) := {(T; v); (T * ; v)}. From here it follows that g is a two-to-one correspondence. 
i=0 (T i × T n−1−i ) can be easily established by deÿn-ing f(T ) = (f 1 (T ); f 2 (T )), where f 1 (T ) = T r and f 2 (T ) = (T − T r ) r . The inverse f −1 (T ; T ) is the plane tree obtained by introducing an edge between the roots of T and T , with root same as that of T , and T as the leftmost subtree. Such bijection is used very often in the form: "every nonempty plane tree can be decomposed into two plane subtrees by removing the leftmost edge of its root".
To prove D o (T n ) = 2OD o (T n ), it su ces to show the following lemma:
, the total number of vertices of odd degree is twice the total number of vertices of odd outdegree, where denotes disjoint union.
This lemma can alternatively be proved by the two-to-one correspondence described in the previous proof; by exploiting the induction hypothesis, an algebraic proof readily obtains.
Let o n (e n ) be the number of n-plane trees with odd (even) root. When adding an edge between the roots of T and T , only the parity of degrees of both roots, as well as that of the outdegree of T are changed; the degree and outdegree of other vertices of T and T remain unchanged. Thus, one can easily establish the following identities:
Let T ∈ T i and r 1 be its root, and T ∈ T n−1−i and r 2 be its root. Since the degree of vertices other than r 1 and r 2 are preserved under f −1 , this accounts for the two contributions D o (T i ) and D o (T n−1−i ). Note that r 1 has an odd (even) degree in f −1 (T ; T ) if and only if it has an even (odd) degree in T , and analogously for r 2 . It follows that there are (e i − o i ) choices of T for which r 1 has an odd degree in f −1 (T ; T ), with T ∈ T n−1−i being arbitrary, thus accounting for the contribution (e i − o i )c n−1−i . By a similar argument, we have the contribution (e n−1−i − o n−1−i )c i . Putting pieces together, we have the ÿrst identity. The remaining identities can be derived in a similar way.
By virtue of the induction hypothesis D o (T i ) = 2OD o (T i ) for 0 6 i 6 n − 1, the above identities directly yield
which completes the proofs of Lemma 3, as well as Theorem 1.
Odd leaves and even leaves
The number o n (e n ) deÿned in the inductive proof also counts the number of Dyck paths of semilength n that have an odd (even) number of returns to the x-axis. The e n 's are known as the Fine numbers. According to the parity of yet another parameter, one can partition plane trees or Dyck paths into two categories, and then obtain a pair of new sequences. For n ¿ 1, let o n ( e n ) be the number of n-plane trees with odd (even) number of leaves. Also set o 0 := e 0 := 0. Note that leaves in a plane tree correspond, by virtue of a standard bijection, to peaks in a Dyck path. By considering the subtrees T r and T − T r , one derives that the generating functions, O and E, of o n and e n satisfy
A little algebra yields the quadratic equation
By extracting the coe cients of z n , we have
which, together with the obvious relation e n + o n = c n for n ¿ 1, enable us to derive explicit formulae of o n and e n as follows: The ÿrst few terms of o n and e n are 0; 1; 1; 2; 7; 22; 66; 212; : : : and 0; 0; 1; 3; 7; 20; 66; 217; : : :. These two new sequences have just been registered in [9] as "the number of plane trees having an odd number of leaves" (sequence A071684) and "the number of plane trees having an even number of leaves" (sequence A071688), respectively.
The resemblance of Eqs. (1) and (4) suggests a simple proof of Theorem 2 by exploiting a bijection between nets and plane trees. Before doing this, we refer to a relation between leaves and even-level vertices, where the level of a vertex is the distance between this vertex and the root.
Theorem 5 (Deutsch [2, p. 213] ). In T n , the number of leaves and the number of even-level vertices are equidistributed.
The next useful corollary is a direct consequence of this theorem.
